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The state that an observer attributes to a quantum system depends on the informa-
tion available to that observer. If two or more observers have different information
about a single system, they will in general assign different states. Is there any re-
striction on what states can be assigned, given reasonable assumptions about how
the observers use their information? We derive necessary and sufficient conditions
for a group of general density matrices to characterize what different people may
know about one and the same physical system. These conditions are summarized
by a single criterion, which we term compatibility.
1 Observers with differing information
Suppose there is a physical system S with an associated Hilbert space HS of
(finite) dimension D, and two observers Alice and Bob each acquire informa-
tion about S by some means. Based on this information, they describe S by
two states: ρA and ρB, respectively. If the information that Alice and Bob
acquire is not the same, then in general ρA 6= ρB.
The question we address in this paper is this: is there any restriction on
the possible assignments ρA and ρB that can be made? We argue that there
is; and we term two states ρA and ρB which could represent two descriptions
of the same physical system compatible1.
For the purposes of this paper, we assume that all of the information
acquired by Alice and Bob is both accurate and reliable. By accurate we mean
the usual: that any measurements were performed and recorded correctly, and
that no one deliberately lied to either of them. By reliable we mean something
rather more subtle: that the information acquired by Alice and Bob has not
been rendered incorrect by disturbances to S unknown to them.
Classically this is a rather straightforward assumption, but quantum me-
chanically it is not, largely due to the disturbing effects of measurement. If
Bob, for instance, were to measure S, that measurement would disturb the
system, potentially introducing errors into Alice’s state assignment. By as-
suming that the information of both observers is reliable, we are explicitly
ruling out such disturbances. What this means technically will become clear
below.
2 Compatibility
Intuitively, what should we expect from a criterion for compatibility? First, if
ρA and ρB are both pure states, then they should only be compatible if they
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are identical:
ρA = ρB = |ψ〉〈ψ| (1)
for some |ψ〉. This seems natural, because pure states represent states of
maximal knowledge (or minimal ignorance).
Rudolph Peierls2 suggested two criteria for compatibility in the general
case:
PI : [ρA, ρB] = 0 ,
PII : ρAρB 6= 0 .
These criteria together rule out differing pure state assignments. Criterion PII
seems very natural: it is just the statement that ρA and ρB are not orthogonal,
and hence not contradictory. PI is somewhat less obvious. It seems to be
reasoned by analogy with compatible observables, in which [Aˆ, Bˆ] = 0 implies
that the observables A and B can be measured simultaneously.
Unfortunately, in the current case it is much too restrictive. Consider the
following example:
ρA = |ψ〉〈ψ|
ρB = p|ψ〉〈ψ|+ (1 − p)|φ〉〈φ| , (2)
where 〈ψ|φ〉 6= 0. This pair of assignments fails to satisfy PI; but it could
easily arise from two observers with different information. For instance, Bob
may believe that S could have been prepared in either state |ψ〉 or |φ〉, while
Alice has additional information which rules out the latter.
Let’s consider instead one of the following two (equivalent) criteria: ρA
and ρB are compatible if and only if there exist decompositions of ρA and ρB
ρA = p0|χ〉〈χ|+
∑
i>0
pi|ψi〉〈ψi| ,
ρB = q0|χ〉〈χ|+
∑
j>0
qj |φj〉〈φj | , (3)
which share a state |χ〉 in common, such that p0, q0 > 0; or equivalently, if
and only if the intersection of their supports is nontrivial,
S[ρA]
⋂
S[ρB] 6= 0 , (4)
where S[ρ] is the space spanned by the eigenvectors of ρ with nonzero eigen-
values. Note that this definition of compatibility extends straightforwardly to
any number of observers, Alice, Bob, Cara, etc. This criterion implies PII,
and also implies that pure state assignments must be identical. We show
below that this criterion is both necessary and sufficient.
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3 Necessity
Assuming Alice and Bob are rational, if they pool their information they
should agree on a joint state description ρJ . Furthermore, since it was assumed
that their information was reliable, any measurement outcome to which either
of them initially assigned zero probability must still have zero probability in
the new state ρJ .
This means that the null space of the new state N [ρJ ] must include the
null spaces of the two states ρA and ρB:
N [ρA] ⊆ N [ρJ ] ,
N [ρB] ⊆ N [ρJ ] , (5)
(where N [ρ] is the space spanned by the eigenvectors of ρ with vanishing
eigenvalues). This implies that N [ρJ ] contains the span of N [ρA] and N [ρB],
which implies in turn that
S[ρJ ] ⊆ S[ρA]
⋂
S[ρB] . (6)
In order for such a joint state assignment to exist, therefore, the intersec-
tion of the supports of ρA and ρB must be nontrivial.
4 Sufficiency
Obviously, if one is just given two state assignments ρA,B it is impossible to
know if they are intended to apply to the same system or not. So by sufficiency
what we mean is that if the assignments satisfy the compatibility criterion,
then they could be different descriptions of the same system based on different
information.
We prove this by construction. Suppose ρA and ρB have decompositions
(3). These state assignments could have arisen in the following way. Suppose
that there are two ancillary systems A and B in addition to S, and that both
Alice and Bob know that the initial state was
|Ψ〉 =
1
N
(
|0〉A|0〉B|χ〉S +
∑
i>0
√
pi
p0
|0〉A|i〉B|ψi〉S
+
∑
j>0
√
qj
q0
|j〉A|0〉B|φj〉S
)
, (7)
where N is a normalization factor, |0〉A and |j〉A are all mutually orthogonal,
and similarly for |0〉B and |i〉B. Alice then measures subsystem A and Bob
measures B, both getting result 0, but they do not share their results. It is
clear that in this case Alice and Bob will make the state assignments ρA and
ρB given in (3). If they were to pool their information, they would both arrive
at the joint state assignment |χ〉. So any state assignments which satisfy the
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compatibility criterion could arise from observers with different information
about the same physical system S.
5 Further questions
Both the problem and the solution are easy to state, but lead one into subtle
and interesting questions about how state assignments are made. For example:
1. What restrictions are there on how Alice and Bob acquire their infor-
mation, if we want it to be accurate and reliable? How does the case where
they perform measurements differ from the case where they get information
from a knowledgeable third party?
2. If Alice and Bob pool their information, how do they form a joint state
assignment3? Rather than giving an all or nothing criterion, is it possible to
quantify a degree of compatibility between two state assignments4?
3. Are there other reasonable notions of compatibility? And if so, do they
lead to well-defined compatibility criteria5?
All of these questions have been examined to some extent, but much
remains open. This just shows how far there is to go in completely under-
standing state assignment in quantum mechanics.
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